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bJQf Abstract. For an n-dimcnsional polytope ft in R", we study lower bounds for eigen- 

values of the Dirichlct eigenvalue problem of the Laplacian. In the asymptotic formula 
on the average of the first k eigenvalues, Li and Yau [4] obtained the first term with the 
order k~ , which is optimal. The next landmark goal is to give the second term with the 
order k~ in the asymptotic formula. For this purpose, Kovafik, Vugaltcr and Weidl [3] 
have made an important breakthrough in the case of dimension 2. It is our purpose to 
study the n-dimensional case for arbitrary dimension n. We obtain the second term in 
the asymptotic sense. 



1. INTRODUCTION 

Let fl C K" be a bounded domain with a piecewise smooth boundary dQ in an n- 
dimensional Euclidean space IR n , n > 2. We consider the following Dirichlet eigenvalue 
problem of the Laplacian: 



Au = —Xu in Q, 
u = on dQ. 



It is well known that the spectrum of this problem is real and discrete: 

< Ai < A 2 < A 3 < • • ■ — ► +oo, 

where each Aj has finite multiplicity which is repeated according to its multiplicity. 

Let V(Q) denote the volume of Q and let B n denote the volume of the unit ball in 
One has the following Weyl's asymptotic formula 

Att 2 2 

(1.2) A fc ~ 5-A>, k — >■ +oo. 

From the above asymptotic formula, one can obtain 

/-, n \ 1 A n 47T 2 2 

1.3) — > A,- ~ o-/c™, k — > +00. 

k U n + 2 {Bn V{n))- 
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Furthermore, Polya [7] proved that 



4tt 2 



2 



(1.4) A fc > 5-A>, for k = 1,2,- ■■ , 

- (iwn))* 

if Q is a tiling domain in K n . Moreover, he proposed the following 

Conjecture of Polya. If Q is a bounded domain in MJ 1 , then the k-th eigenvalue A^ of 
the eigenvalue problem (1.1) satisfies 



4vr 2 



(1.5) \ k > T k», for A; = 1, 2, • • • . 

On the conjecture of Polya, much work has been done ([1],[4], [5]). In particular, Li and 
Yau [4] proved the following 

1 ^ /I 2 

(1.6) -VL>- — for fc = 1,2, - - - . 

The formula (1.3) shows that the constant in the result (1.6) of Li and Yau can not be 
improved. From this formula (1.6), one can derive 



n An 2 



2 



(1-7) A fc > , 9 , p forfc = l,2,---, 

which gives a partial solution for the conjecture of Polya with a factor ^j^. Recently, 
Melas [6] improved the estimate (1.6) to the following: 

(1.8) tY*S>— ^r*"+M B ^, forA; = l,2,..., 

1 ^ ^ J -n + 2 (jBn y(fi))l n I(fi)' 

where M n is a positive constant depending only on the dimension n and 

J(f2) = min / \x — a\ 2 dx 



is called the moment of inertia of Q. 



For the average of the first k eigenvalues, it is important to compare its lower bound with 
the following asymptotical behavior: 

, s 1 , n 4tt 2 , 2 „ A(<9fi) ,i ,,1, , 

(1.9) T > A,- = r £>+C n — - — ^-pfc™ + o(fc»), k — y -t-oo, 

where A(dQ) denotes the (n — l)-dimensional volume of dQ and C n is a positive constant 
depending only on the dimension n. The first term in (1.9) is due to Weyl [9]. In [8], 
the second term in (1.9) was established under suitable conditions on Q. Since the first 
asymptotical term is optimal, the next landmark goal on its lower bound estimate is to 
obtain the second asymptotical term with the order of For this purpose, Kovaffk, 
Vugalter and Weidl [3] have made an important breakthrough for this landmark goal in 
the case of dimension 2. They have added a positive term in the right hand side of (1.6), 
which is similar to the second term of (1.9) in the asymptotic sense. The purpose of 
this paper is to study the n-dimensional case for arbitrary dimension n. We also obtain 
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the second term of (1.9) in the asymptotic sense. For estimates on upper bounds of 
eigenvalues, one can see Cheng and Yang [2] . 

For an n-dimensional polytope Q in MJ 1 , we denote by Pi, i — 1, ■ ■ ■ ,m, the i-th face of 
Q. Assume that A, is the area of the i-th face Pi of Q. For each i — 1, • • • , m, we choose 
several non-overlapping (n — l)-dimensional convex subdomains s Ti in the interior of pi 
such that the area of [J s n is greater than or equal to one third of Ai and the distance di 
between [J s n and dfl \ Pi is greater than 0. Define the function @ : K. — > K. by @(t) = 
if t < and G(t) = 1 if t > 0. Then we prove the following 

Theorem 1. Let Q be an n- dimensional polytope in W 1 . Then, for any positive integer 
k, we have 



2 3- 4 2 3 - n 7r 2 Ajdty f v(n)\ h 



in 



+ 2)Bj V(Q) 1+ n V «i 



-ne(fc) 



£>A^e(A fc -A ), 



where 



e(k) 



A„ 



f l og 2 ((^(^)M)"^A|) 
n+ 12 



4n 



max 



min{rf2}' V^(fi) 




2(n-l) 



2(n + 12) 



\V{Q)J 



12 



min{Aj} 



Remark 1. Notice that e(k) — > and At ~ - — as k — > +oo. It shows that the 

(B n v(n))n 

second term on the right hand side of the inequality in Theorem 1 is very similar to the 
second term in the asymptotic (1.9) when k is large enough. Combining this with the 
inequality (1.7), we immediately obtain the following 

Corollary 1. Let O be an n- dimensional polytope in M". Then, there exists a positive 
integer N , such that, for all k > N, 

I x > An2 k~ + A{m) k 1 - 2 ^ 

where 



4 
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2. Proof of Main theorem 



Auj = —XjUj 


in Q, 


Uj = 


on dQ, 


/ UjU k = Sjk, 


Wj,k. 


Jn 





For an n- dimensional polytope f2 in M. n } let Uj be a normalized eigenfunction corresponding 
to the j-th eigenvalue Xj, i.e. Uj satisfies 



(2.1; 



Then forms an orthonormal basis of L 2 (Q). We consider the function (fj given by 

( Uj(x) , isn, 

Denote by (pj the Fourier transform of tpj. For any £ G IR n , we have 

fafe) = (27t)-§ / ^■(x)e v/3T< «' x> dx = (2tt)-5 / u,(x)e^ T< ^ a;> dx. 



si 



Take A large enough such that A satisfies the following two conditions: 

(i) for each % = 1, • • • ,m, there exist some non-overlapping (n — l)-dimensional cubes ti. 
with the side ^= on [Js ri , whose total area is greater than or equal to ^Af, 

(ii) ^= < 2^min{<ij} < In this case, we make sure that the n-dimensional rectangles 
Ti t = [0, x ti t ne inside Q and they do not overlap each other. 

We define a function Fx by 

m) = £|&(of- 

A,<A 

By Parseval's identity, we have 

(2.2) f F A (0de=E / i^-(oi a de=E / ^(*)^ = E / 

where iV(A) is the number of eigenvalues Aj < A. Furthermore, we deduce from integration 
by parts and Parseval's identity that 

(2.3) / \Z\ 2 Fx(0d£ = Y, [ ie| 2 |^(0| 2 ^ = - £ / uAujdx = £ A r 



A^A^ A^A" 1 ' Aj<A 



For each fixed £ G M n , since e v ^ < ^ x> belongs to L 2 (f2), it follows that 

oo „ 

i=i " " /n 

Let 
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Then we have 
(2.4) 



u — e x 



-K£,x> 



V-(2tt) b F a (0. 



l 2 (c) 



To prove Theorem 1, we will need the following lemma. 

Lemma 2.1. ([4]) If F is a real-valued function defined on MJ 1 with < F < M\, and 

I |£| 2 F(0^<M 2 , 

then 



' n _|_ \ n + 2 n 

F(m < ( — ) m +2 (ma) 



n 



2 

n + 2 



Next we need to establish the estimate for F\(£). For each we choose a local coordinate 
system (x\, ■ ■ ■ ,x n ) such that = [— ^^]™ and is the inward unit normal 
vector field on ti { . To derive the upper bound of F\(^), we prepare the following lemmas: 

Lemma 2.2. For any positive integer p, we have 



d p u 



dx\ 



where the sequence D q is defined by 

D = l, D 1 = 3(l+ U 2 n 2 p 4 + 4 ■ 5 2 np 2 ), 

D q = 3(l + M 2 ny)D q _ 2 + (12 • 5 2 np 2 )D q ^, q = 2, 3, ■ ■ • . 

Proof. For p > 1 and < q < p — 1, we define functions g and p by the following 
g(x) = l-6x i + 8x 6 - 3x 8 , < x < 1, 

2p — q 



1 



< t < 



2p 



Vq,p(t) = < 



g{2pt -2p + q) , — : < t < 







2p 

2p-q + l 
2p 



2p 



< t, 



with Vq jP (— t) = v q> p(t) for t < 0. From the definition of g, it follows that 

5 



(2.5) 



\g(x)\<l, \g'(x)\<-, \g"(x)\<U. 



By the definition of v qtP and (2.5), we get 

(2.6) Kp(f)l<l. l< P (*)l<5p, \v' q \ p (t)\<Up 2 . 

Next we define 



W ? ,P,a(zi 



1 1 



a; l)' l; (j,p(V^ ^2) ■ ■ ■ v q,p{^~^ x n)i {Xl, • ■ " , ^n) £ 
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and set 
Then we have 

(2.7) \W qj ,,x\ < 1, \VW q>p , x \ < 5nhh, \&W q , p ,x\ < UnXp 2 , 
and 

(2.8) T h C u q , u q+1 C u q , W qiPi x = 1 on u q+1 , VW q>p>x = on du q . 



We will prove 
(2.9) 



0x? 



L2K) 



by induction on g for g = 0, 1, • • • ,p — 1. For g = 0, since _Dq — 1> h follows that 



(2.10) 



2 



< / |v Uj 



UjAuj = Xj < X = D X. 



Using the property (2.8) of W qiPt x and integration by parts, we get 

2 

A(^W 0)P) a) 
5 2 



(2.11) 



E 

k=l 
n 

E 

fc=i 



2 



(^■^o, p ,a) 



+ 2 E/ 

L 2 M k<l Ju ° k 



d 2 d 2 

— (VjWo^T-ziVjWo^x) 



dxf 



dx 



2 (<PjW ,p,x) 



L 2 {u>o) k<l 



d 2 



dx k dxi 



From (2.7), (2.8), (2.10) and (2.11), it follows that 



V dx\ 



= E 

i 2 (^i) fe=i 



d 2 



< 



E 

fc=i 



dx\dxk 

d 2 



{<PjWo, p ,x) 



dx\dxk 



((PjW 0iPt x) 



L 2 (^i) 
2 

L2(^ ) 



< 



A(^Wo, p ,a) 



L2( W0 ) 



-XjipjWo^x + <pjAWo >Pt x + 2V^Vlfo, PiA 

<3|A 2 (l + 44 2 nV)||^ 
< 3|a 2 (1 + 44Vp 4 )+4 • h 2 p 2 nX 2 ^= D,X 2 . 



L 2 (uj ) 

+ 4 ■ 5VnA||Vy? 



J|lL 2 (o;o) 
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Hence (2.9) holds for q = and q — 1- Now assume that (2.9) holds some q — 1 and g. 
We will show that it holds for q + 1 as well. Notice that 

W q>Pt x = VWg^A = on ft^ 

then 

2 



(2.12) 



A 



E 

fe=i 



<9 2 /<9Vj 



cte 2 , \ dxi 



£ 2 K) 

2 



«E 



5 2 



dxkdxi \ dxi 



L2K) 



From (2.7), (2.8) and (2.12), it follows that 



V 

n 

E 



09+1 



L 2 K+i) 



fc=l 

£E 

fc=i 



a 2 /avj 



dxidxk \ dxi 
dxidxk v cte^ 



L 2 (w,+i) 
2 

£ 2 K) 



< 



A 



-A, 



dxi 



<3<|A 2 (l + 44 2 nV) 



Wg,p,A + 



dxi J 



AW, 



<2,P,A 



2V 



VW, 



<?,P,A 



<3h 2 (l + 44 2 nV) 



V 



+4 • 5 p nX 



L 2 (u) q ) 





to 


dxi 


L 2 K)J 



V for 1 / 



+4 • 5 2 p 2 nA 



L 2 K-i) 





2 } 


dxi 





< A 9+2 |3(l + 44 2 nV) J D 9 _ 1 + 12 • 5 2 np*D 9 }= D q+1 \«+ 2 . 

This implies that (2.9) holds for q+1. Therefore, (2.9) holds for any integer < q < p — 1. 
Taking q = p — 1 in (2.9), we can obtain 

2 



(2.13) 



dx\ 



Using the Cauchy-Schwarz inequality, we have 



d p u 



dx{ 



E' 

A,<A 



d p Ui 



3 dx\ 



L 2 (T U ) JT h 



E' 

A^<A 



d p Ui 



' 3 dx\ 



< 



, EN 2 E 

h A,<A A,<A 



d p Uj 
1)x[ 



< 



"E 

A,<A 



d p Uj 

~dxj 



< V ■ N(X)D p ^\ p . 
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Using the lower bound of Xj given in (1.7), we find out that 

— 

N(\)<B n V\^)\i 



Arm' 



Then 



d p u 



< 



n 



Ann 2 



B n V 2 D v _ x \^ 



□ 



Lemma 2.3. Let p be a positive integer and let f E C p [0, be a real-valued function. 
If f is n °t identically zero, then one of the following inequalities holds true: 

max]/' | < 2 p - 1 (max|/ (p) |)^(max|/|) 1- ^, 
max I f'\ < 4 p+1 A2 max |/|. 



Proof. Let m q = max|/^|, q G {0, 1, • • • , p}. If p = 1, then the conclusion is obvious. 
Next we assume that p > 2. For any fixed < q < p — 2, we let m q+ i = \f^ q+1 \t )\, 
to £ [0, . We discuss separately the following cases: 

Case 1: to < 111 this case, if ™ q *l < 777, then it follows from Taylor's formula that 



m q > 



f iq) ( t + 



m q+2 — 4y^\ 



m q+l\ 



mq+2 



/<"((„) + /(«+')(*„) • ^ + i/" +2 »K) (^±1) 



> 



f iq+1) (t )- 



rriq+i 



rriq+2 



f iq) (t ) 



lf(l+2)(£)( m g+ 1 V 

2 J ^W*/ 



> — m g + 



-m + 



m g+l _ m q+2 ( mq+1 \ ' 

m q+2 2 \m q+2 J 



m 



9+1 



9 ' 2m 9+2 ' 



which implies 
(2.14) 



If mq+1 > -T7=, then we have 



m q+ 2 4-v/X' 



( to 



m q+2 l %i 
m g+ i ~ 4 m 9 



/(*)(t ) + /(«+!) (t ) 



> — m„ H -= - — 

" q 4v/A 2 



1 



1 



+ ^ (9+2) (£) 



4x/A 2 
2 



> —m„ 



-1 4v/A 



4V 7 ! 



4^; ' 
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which implies 
(2.15) 



m * +1 - 16VX. 



< 



m„ 



Case 2: tn > -4=. In this case, if m " +1 < -A=, then we have 

u — 4VA ' m 9+2 — 4\/A' 



m q > 



f {q) (k 



m q+1 , 
m q+2 



f iq \t ) + f^\t )(-^) + 1 -f^\o 



m q+2 



in 



9+1 



m q+2 



> —m„ 



m g+i _ rn q+2 f m q+1 \ 



m q+2 

,2 



m q+2 J 



m q +i 
- m q + 7^ — > 



2m 



g+2 



which implies (2.14). If > j^=, then we have 

1 



m g > 



Wo 



4vT 



/W(io) + f {q+1) (to) 



> —m a + 



4^ 
m g+ i 
4^ 



4^ 



4V 7 ! 



4^ 



m q+1 



~/ (9+2) (e) 



4^ 



4^ 



which implies (2.15). Therefore, for any fixed < q < p — 2, one of the inequalities (2.14) 
and (2.15) holds true. 

Meanwhile, we note that there are two possibilities. Either for all < q < p — 1, 



(2.16) 



> 16VX, 



or there exists qo E {0,1, ■ ■ ■ ,p — 1}, such that 
(2.17) V < q < g , > 16VX, 



m 



qo+l 



< 



16\/A. 



m 



If (2.16) holds, then we apply (2.14) to get 



m Tj 



m„ m p -i rri2 m\ 



mo m p _i m p _2 m\ m$ 

1 m p _! 1 m p „ 2 1 m i mi 
~ 4m p _ 2 4m p _ 3 4m m 



p-1 



which implies 



m r 



> - 



m 



m p _i mi 
m m ' 



mi 



m 



p(p-i) / mi \ 



— =4- " — . 



m / 
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— < 2 P ~M — 
m 



ni p \ p 
m 0/ 



If (2.17) holds, we apply (2.14) to obtain 



an < < . . . < 4 <?oHv+i < 4 , . 16v/A - = 4 , +2 A i < 4P+ i A i 



m mi 
This completes the proof. 



ni 



'in 



□ 



Lemma 2.4. Zet p be a positive integer. Then for any £ G 



-!<£,£> 



> ^-min(2- 2p - 5 A-t, 2" P ~ 2 6^(/3 D 2 + 



f3p +1 ) 2 -A ^ 2 P 



where 



(72 _|_ O \ 2 
4^ J ^ 2 ^i- 9efep+l}. 



Proof. By Lemma 2.2, we have 



9% 



This implies that the measure of the set 

1 1 



•En ) £ 



2^A' 2V\. 



- n-1 


i 

f 2\/A 


d q u 




Jo 


dx\ 



dx l <2f3 2 q \ ( > +n - l 2, q e{p,p+l} 



is obviously at least (^j) n 1 - For such (x 2 , • ' ' , x n ), we let max||^| 
x\ G [0, ^^]. For any Xi G [0, t^], we have 

9%, f 



with 



— 00 



dx\ 



Xl d p+1 u f s , 



o dx^~ 



Integrating both sides of the equality with respect to x\ and using Jensen's inequality, we 
obtain 

2 





d p u 




( max 


dx\ 


) 







2-/X 



2-J\ 



d p u 



QP+1 



U 



dx\ J x o dx\ 



T {r)dr 



dx\ 



d p u 



dx\ 



dx\ 



2V\ 



x i QP+ 1 



U 



o dx p+1 



r)d 



T 



dxi 



-2Re 



2%/A 



[dx P J x o dx\ +l 



r)dr 



dx\ 
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Thus, 



1 


dx\ 


2 ,-^= 

dxi + / 
Jo 




i 

} 


d p u 
dx\ 


2 

dxi + 2 



o dx p+1 



r)dr 



dx\ 



i 

2s/\ 



Xl d p+1 u, , , 



<- 



2\ A 



1 

2vT 



9 p M 



dxx + 3 



i 

2^A 







X ° dx\ 

xi Qp+l u 



t)g?t 



i 

2v^ 



< 



3 

<- 
~2 



dxx + 3 / (xi — xl) 
'o 

I 2 



l>Xl 


d p+1 u f . 


Jx° 





drdx\ 



dx\ 
d p u 



+ 3 



dx\ 



^([o,^])^o 



1 

2\/A 



1 

4A 



QP+1 U 


2 


dx p+l 


i2 ([°>27l])- 



(2.18) 



max 



dx\ 




l 2 ([o,^=]) 4^ 



i2 «°>^]) 



< v^A^J/3 2 + /3 p 2 +1 . 



Let = ui(xi) + \/— T v 2 (xi). We consider separately the following two cases: 

Case 1: If max|tt| > 6, then at least one of maxl^] and max|w 2 | is greater than or equal 
to 3. Without loss of generality, we assume that max|ui| > 3 and apply Lemma 2.3 to 
the function v±. If V\ satisfies 

maxl^l < 4 p+1 A2max|w 1 |, 



then there exists a subinterval [£1,^2] of the length 2 2p 3 A 2 on which \v±\ > |max|ui| > 
|. In fact, we can choose two points t\, ti of the interval [O, such that | ^1 (^2 ) I = 
max|ui|, |ui(ti)| = |max|ui| and > |max|ui| on [ti, ^2]- By the mean value theorem, 
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we get 

-max|vi| < \vi(t 2 ) - vi(ti)\ 

= K(OI'l*a-<il 

< max|^| • \t 2 — ii| 

< 4 p+1 A5max|wi| • \t 2 ~h\. 

Hence, 

1*2 - ill > 2" 2p - 3 A~i 

Since — e^ 1 ^ 1 ^ |w(xi)| — 1 > |t>i(xi)| — 1 > ~ on the subinterval [ti,t 2 ] 

i 

(2.19) [ 2V ~ X \u( Xl ) -e^ lXl \ 2 d Xl > 2- 2p - 5 \- 1 *. 

Jo 

On the other hand, if V\ satisfies 



max 



v[ < 2 p ~ 1 i LJ_I max vi , 

\ max |vi | / 



then it follows from the mean value theorem and (2.18) that the length of the subinterval 
of [0, on which 1^1 > §, is at least 2~ p 3p6~^(/3 2 + P 2 +1 )~^ X~ 2 ~^ , which yields 



(2.20) [^{uix!) - e^ lXl \ 2 d Xl > 2- p ~ 2 3k~^([3 2 p + [3 2 p+i y^\~^-%. 

Jo 

Case 2: Assume now that max|w| < 6. The latter means that max \v\\ < 6 and maxl^l < 
6. Since t>i(0) = ^(0) = 0, there exists a subinterval / of [0, such that |i>i| < ~, \v 2 \ < 

| on J, which implies 

\u( Xl ) - e^^\ 2 > (\u( Xl )\-l) 2 > (l"^) 2 > 1 



4 



Next we apply Lemma 2.3 to the functions V\ and v 2 . We find out that the length of I is 
at least 



mm 

This implies 



| 3 -2 2 -2p-3 A -i ) 3 -2 2 - P6 i^2 + /3 2 +i )-i A -|-§| 



J aVX \u(xi) -e^ 1Xl \ 2 dxi > ^min|2- 2p - 5 , 2^~ 2 6^(/3 2 + f3 2 +1 )~^\~% J. 
This completes the proof of the lemma. □ 
Proof of Theorem 1: According to Lemma 2.4, for each Zj and p, we have 

2 

> 



u - e^ 1 ^ 



L 2 (T tj ) 9 



-^ ZT min{2- 2 - 5 A-t ) 2 -- 2 6% 2 + P 2 p+1 )^X~^ }, 



where 

2 
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Next we estimate the sequence D p . A direct inspection shows that 
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Dp<2 (2n+lS)p* 



This implies that 



(/3p + /3 p 2 +1 )^>(2/3 p 2 +1 )^>2- 



±-(n+9) P ( 4n7T 2 \ 

\n + 2j 



ip - J- i 
B* p V-v. 



Hence 



u — e 



-l<£,x> 



> 



9-2 



n-l 



mm 



in 2" 2 ^ 5 A'i 2~ 2 ^ 



n+10)p ( 



where 

Now we choose 
then 

Therefore, we obtain 
(2.21) 



3 / Ami 2 \ 2 



V n + 2 



P 



'log 2 [(y/a 1 )»-iA5 



n + 12 



2 -2-(n + 10) P > fn^W^ 



-1<$,I> 



> 



71 n n 

i r fv\* fvw 2 * 



— 



L 2( T; -j 9 • 2 n_1 ^ \aij \ «i 
Notice that for each i the number of these n-dimensional rectangles is at least 



Ni 



71 — 1 



Summing the inequality (2.21) for all U = 1, ■ ■ • , Ni and alH = 1, ■ • • , m, we immediately 

get 

2 



V - (2ir) n F x ({) 



u — e N 



> 



I, 2 (n) 

n. , ran 



> 



9 ■ 2 n ~ l \ \ol-l) \a x J 

_I l 1 n 

! /VAV 3 " 



£ 

i=i L 



e(A-A„) 



O: 



9 2 • 2™ V. «1 / 



— A(9fi)e(A-A ), 



where 



An = max 



An 



mm 



inR 2 }' 



2 2(n-l) 
CtlXn 2(71+12) " 



, 7^ , 2 n -± 



V 



12 



2 

ra-1 



min{Aj} 



14 Q. -M. CHENG AND X. QI 

This yields the following upper bound on F\\ 

V 



(2.22) F A (0 < 



where 



(2tt)™ 



l-a 2 V~iA(dtt)l — 8(A-A ) 



M(A), 



a 2 



9 2 ■ 2 n 



By Lemma 2.1, we obtain 



> 



n 
nT2 

n 

"n + 2 



n + 2 



B n n N{\)— M(A) 



5„"iV(A)V(27r) 2 ^-» 



1 71 

l-a 2 V-iA{dSl)[ —) e(A-Ao) 



>^-B;»iV(A) I ^(27r)V- 
n + 2 



1 + ^^-^4(30), 

n \ ot.\ J 



1 n 



6(A - A ) 



Ao). 



Taking large enough such that A = A&, we immediately get 



where 



n (2tt) 2 , 2 
> i — —k" 



57T 



e(k) 



9 2 2 n (n + 2)Bz 



I — 

'logaKV/aO-iAj] 



A(9fi) 7 2 i^VA fc 



ft! 



-ne(fc) 



e a 



Ao 



P 



-, -i 



n + 12 



□ 
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